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a b s t r a c t
A k-rainbow dominating function of a graph is a function f from the vertices V (G) to 2[k]
such that, for all v ∈ V (G), either f (v) ≠ ∅ oru∈N[v] f (u) = {1, . . . , k}. The k-rainbow
domatic number drk(G) is the maximum integer d such that there exists a set of k-rainbow
dominating functions f1, f2, . . . , fd with
d
i=1 |fi(v)| ≤ k for all v ∈ V (G). We study the
k-rainbow domatic number by finding this number for some classes of graphs and
improving upon some known general bounds.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The problem of domination has been around since antiquity. It has been applied inmany areas of operations research and
can be easily related to design theory and other combinatorial problems (see [2–4,7]). In this work, we study the k-rainbow
domatic number of graphs, which is a marriage of the domination problem and the packing problem. Although our results
are based in graph theory, the ideas and techniques and the notion of domination itself can easily be applied to other areas
of combinatorics and beyond (see [6]).
For standard graph theory terminology, please refer to [5]. Let [k] = {1, 2, . . . , k} and let 2[k] denote the set of all subsets
of [k]. A k-rainbow dominating function f of a graph G, as introduced in [1], is a function f : V (G)→ 2[k] such that, for each
vertex v ∈ V (G), either f (v) ≠ ∅ oru∈N[v] f (u) = [k]. Naturally, an isolated vertex v must have f (v) ≠ ∅. The k-rainbow
domination number γrk(G) is the minimum weight w(f ) = v∈V (G) |f (v)| of a k-rainbow dominating function. Note that
when k = 1, the k-rainbow domination number is precisely the classical domination number of the graph, so this notion is
a natural extension of domination numbers.
A k-rainbow dominating family is a set of functions f1, f2, . . . , fd such that each fi is a k-rainbow dominating function of
G and
d
i=1 |fi(v)| ≤ k for all v ∈ V (G). The k-rainbow domatic number of a graph, denoted by drk(G), is the maximum
cardinality of a k-rainbow dominating family. One may note that the domatic number is conceptually related to design
theory.
The following result demonstrates the strong relationship between the k-rainbow domatic number and the k-rainbow
dominationnumber. If onewas able to determine the k-rainbowdomatic number, itwould provide a boundon the k-rainbow
domination number.
Theorem 1.1 (Sheikholeslami and Volkmann [9]). For any graph G of order n and for all k ≥ 1, γrk(G) · drk(G) ≤ kn.
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It turns out that the k-rainbow domination number γrk(G) can also be expressed as the domination number of the graph
product of G and Kn as observed in [1,4]. In general, determining γrk(G) is NP-complete (see [4]), so using bounds on drk(G)
in Theorem 1.1 to produce good bounds on γrk is an important problem.
In [8], the authors prove the following result whichwas conjectured in [9]. This result also improves slightly upon a result
from [9] which gives an upper bound of n + 2k − 1. One of our main results, Theorem 1.3, is an improvement upon this
result to the best possible bound.
Theorem 1.2 (Meierling et al. [8]). For any graph G of order n and for all k ≥ 2, drk(G)+ drk(G) ≤ n+ 2k− 2.
In general, we conjecture the following.
Conjecture 1. Let n ≥ k ≥ 1. For any graph G of order n, drk(G)+ drk(G) ≤ n+ k.
By the above results, we see that this conjecture is true when k ≤ 2.
Conjecture 1 is easily seen to be the best possible by taking G = Kn. Then drk(Kn) = n and drk(K n) = k so the bound is
attained. Furthermore, if k = n = 5 and G = C5, we show that drk(G) = drk(G) = 5 (see Theorem 5.7) so the bound is also
sharp for examples that are not complete.
Our first main result is the following, which provides the best possible upper bound and improves upon Theorem 1.2
when n is sufficiently large, relative to k, thereby proving Conjecture 1 when k is large.
Theorem 1.3. Let G be a graph of order n, and let k ≥ 3 be an integer. If (k, n) ∈ {(i, j) | j ≥ i = 3, or i ≥ 4 and j ≥ i2}, then
drk(G)+ drk(G) ≤ n+ k.
We prove Theorem 1.3 in Section 3.
The other main result of this work is the following, in which we determine the k-rainbow domatic number for most
complete bipartite graphs.
Theorem 1.4. Let k, a and b be three positive integers such that a+ b ≥ k and a ≤ b. Then
drk(Ka,b) =
a+min{b, k} (a ≤ k)
max

a+

1− a
b

k

, 2k

(a > k).
This result is proven in Section 4. Finally, in Section 5, we determine the k-rainbow domatic number of all paths and
cycles.
2. Preliminaries
In this section, we first state some known results which will be used in our proofs. The first result we cite is from [9] and
provides an upper bound on drk(G) based on the minimum degree of G.
Theorem 2.1 (Sheikholeslami and Volkmann [9]). For any graph G and for all k ≥ 1, drk(G) ≤ δ(G)+ k.
This result provides a useful upper bound on drk(G) but our goal is to bound drk(G)+drk(G). In the process of proving one
of their main results, the authors of [9] show the following, which will be used in our proofs.
Theorem 2.2 (Sheikholeslami and Volkmann [9]). For any graph G of order n and for all k ≥ 1, drk(G) + drk(G) ≤ n + δ(G) −
∆(G)+ 2k− 1.
We nowmake some observations which will lead to the proof of Theorem 1.3.
Fact 2.1. For all k ≥ 1, drk(G) ≥ k. Furthermore, if n ≥ k, then drk(G) ≤ n.
Proposition 2.3. Let k ≥ 1 be an integer and G be a graph with order n ≤ k. Then drk(G) = k.
Proof. Recall that drk(G) ≥ k. Let f be a γrk(G)-function. If f (u) = ∅ for some u ∈ V (G), thenv∈N[u] |f (v)| ≥ k ≥ n.
Otherwise,

v∈V (G) |f (v)| ≥ n. Hence, γrk(G) ≥ n. By Theorem 1.1, kn ≤ γrk(G) · drk(G) ≤ kn and this forces that drk(G) = k
(and γrk(G) = n). 
Observation 2.4. Let G be a graph and X be a subset of V (G) such that X ∉ {∅, V (G)}. If {uv | u ∈ X, v ∈ V (G)− X} ⊆ E(G),
then G has a component with order at most |X |.
Observation 2.5. Let k ≥ 1 be an integer, and let H be a connected component of G. Then drk(G) ≤ drk(H) for all k ≥ 1.
Proof. Let d = drk(G) and {f1, . . . , fd} be a k-rainbow dominating family of G. For each 1 ≤ i ≤ d, let f ′i be a function such
that f ′i (v) = fi(v) for every v ∈ V (H). Since {f1, . . . , fd} is a k-rainbow dominating family of G, {f ′1, . . . , f ′d} is a k-rainbow
dominating family of H . Hence, drk(H) ≥ d. 
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Lemma 2.6. Let n ≥ k ≥ 1, and let G be a graph of order n. If drk(G)+ drk(G) ≥ n+ k+ 1, then γrk(G) ≥ k+ 1.
Proof. Since n ≥ k, γrk(G) ≥ k. Suppose that γrk(G) = k. Let f be a γrk(G)-function and let X = {v ∈ V (G) | f (v) ≠ ∅}. Note
that |X | ≤ k. Since each vertex of V (G)− X is adjacent to every vertex of X in G, G has a connected component with order at
most k by Observation 2.4. We have drk(G) ≤ k by Observation 2.5 and drk(G) ≤ n by n ≥ k. Thus, drk(G)+ drk(G) ≤ n+ k,
which is a contradiction. 
Lemma 2.7. Let k ≥ 1 be an integer. Let G be a graph with d = drk(G) = δ(G)+ k and {f1, . . . , fd} be a k-rainbow dominating
family of G. Let v ∈ V (G) be a vertex such that dG(v) = δ(G). For every 1 ≤ i ≤ d, if fi(v) ≠ ∅, then fi(u) = ∅ for every
u ∈ NG(v).
Proof. Suppose that fi0(v) ≠ ∅ and fi0(u0) ≠ ∅ for some 1 ≤ i0 ≤ d and some u0 ∈ NG(v). Note that

u∈NG[v] |fi(u)| ≥ 1
for every 1 ≤ i ≤ d andu∈NG[v] |fi0(u)| ≥ 2. Furthermore, sinceu∈NG[v] |fi(u)| < k would imply fi(v) ≠ ∅ and we have
1≤i≤d |fi(v)| ≤ k, we get

u∈NG[v] |fi(u)| < k for at most k indices i. This implies that
k(d− k+ 1)+ 1 = (d− k)k+ 2+ (k− 1)
≤

1≤i≤d

u∈NG[v]
|fi(u)|
=

u∈NG[v]

1≤i≤d
|fi(u)|
≤

u∈NG[v]
k
= k(δ(G)+ 1)
= k(d− k+ 1),
which is a contradiction. 
Our final result of this section is to prove Conjecture 1 when n is not much larger than k.
Proposition 2.8. Let k ≥ 3 and k ≤ n < k+ 3+ 4k−1 . For any graph G of order n, drk(G)+ drk(G) ≤ n+ k.
Proof. Suppose that drk(G)+drk(G) ≥ n+k+1. By Lemma 2.6, γrk(G) ≥ k+1. Then by Theorem 1.1, drk(G) ≤ kn/γrk(G) ≤
kn/(k + 1). Similarly, we have drk(G) ≤ kn/(k + 1). This leads to n + k + 1 ≤ drk(G) + drk(G) ≤ 2nk/(k + 1) and hence
(n+ k+ 1)(k+ 1) ≤ 2nk. This implies that n ≥ k+ 3+ 4/(k− 1), which is a contradiction. 
3. Proof of Theorem 1.3
Recall the statement of our main result for this section.
Theorem 1.3. Let G be a graph of order n, and let k ≥ 3 be an integer. If (k, n) ∈ {(i, j) | j ≥ i = 3, or i ≥ 4 and j ≥ i2}, then
drk(G)+ drk(G) ≤ n+ k.
Proof. Suppose that drk(G) + drk(G) ≥ n + k + 1. Then n ≥ k + 3 + 4k−1 by Proposition 2.8. In particular, if k = 3,
we have n ≥ 8. Note that ∆(G) − δ(G) = ∆(G) − δ(G). By Theorem 2.2, we have ∆(G) − δ(G) ≤ k − 2 and hence
∆(G)− δ(G) ≤ k− 2. Without loss of generality, we may assume that∆(G) ≥ ∆(G) (and so δ(G) ≥ δ(G)). If∆(G) = ∆(G),
we may assume that drk(G) ≥ drk(G). Let δ = δ(G), ∆ = ∆(G), d = drk(G), δ′ = δ(G), ∆′ = ∆(G) and d′ = drk(G). Since
2∆ ≥ ∆+∆′ = ∆+ n− 1− δ, we have∆ ≥ (n+ (∆− δ)− 1)/2. In particular,∆ ≥ n/2 if∆− δ ≥ 1 and∆ ≥ (n− 1)/2
if∆− δ = 0. Also δ = δ −∆+∆ ≥ −(∆− δ)+ (n+ (∆− δ)− 1)/2 = (n− (∆− δ)− 1)/2.
By Theorem 2.1, d ≤ δ + k and d′ ≤ δ′ + k. Letm = δ + k− d (and so d = δ + k−m).
Claim 3.1. 0 ≤ m ≤ k− (∆− δ)− 2.
Proof of the Claim. Suppose thatm ≥ k− (∆− δ)− 1. Since d ≤ δ + k− (k− (∆− δ)− 1) = ∆+ 1,
d+ d′ ≤ ∆+ 1+ δ′ + k = ∆+ 1+ (n− 1−∆)+ k = n+ k,
which is a contradiction. 
By Claim 3.1, d ≥ δ + k− (k− (∆− δ)− 2) = ∆+ 2. By the same argument, we have d′ ≥ ∆′ + 2.
Claim 3.2. If k = 3, then one of the following holds:
(i) ∆− δ = 0, d = ∆+ 3 and∆′ + 2 ≤ d′ ≤ ∆′ + 3.
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(ii) ∆− δ = 0, d = ∆+ 2 and d′ = ∆′ + 3 (= δ′ + 3).
(iii) ∆− δ = 1, d = ∆+ 2 and d′ = ∆′ + 2 (= δ′ + 3).
Proof of the Claim. Recall that 0 ≤ ∆− δ ≤ k− 2 = 1,∆+ 2 ≤ d ≤ δ + 3 ≤ ∆+ 3 and∆′ + 2 ≤ d′ ≤ δ′ + 3 ≤ ∆′ + 3.
This implies that if∆− δ = 1, then d = ∆+ 2 and d′ = ∆′ + 2, and so (iii) holds. Thus, we may assume that∆− δ = 0. If
d = ∆+ 2 and d′ = ∆′ + 2, then
d+ d′ = (∆+ 2)+ (∆′ + 2)
= (∆+ 2)+ ((n− 1)− δ + 2)
= n+ 3,
which is a contradiction. Hence, one of (i) or (ii) holds. 
Let {f1, . . . , fd} be a k-rainbow dominating family of G. Let Vi,j = {v ∈ V (G) | |fi(v)| = j} for each 1 ≤ i ≤ d and each
0 ≤ j ≤ k. By the definition of drk(G), we have
1≤i≤d
w(fi) =

1≤i≤d

v∈V (G)
|fi(v)| =

v∈V (G)

1≤i≤d
|fi(v)| ≤ kn. (3.1)
Claim 3.3. For every 1 ≤ i ≤ d, Vi,k = ∅.
Proof of the Claim. Suppose that Vi0,k ≠ ∅ for some 1 ≤ i0 ≤ d and let v ∈ Vi0,k. Recall that d ≥ ∆ + 2. With
d
i=1|fi(v)| = k, from the assumption that v ∈ Vi0,k, we get |fj(v)| = 0 for all j ≠ i0. Thus,

u∈NG[v] |fi(u)| ≥ k for every 1 ≤ i ≤ d
(from the definition of a k-rainbow dominating function). Therefore,
kd ≤

1≤i≤d

u∈NG[v]
|fi(u)| =

u∈NG[v]

1≤i≤d
|fi(u)| ≤

u∈NG[v]
k ≤ k(∆+ 1) ≤ kd− k,
which is a contradiction. 
By Claim 3.3, we have n =0≤j≤k−1 |Vi,j| andw(fi) =1≤j≤k−1 j|Vi,j| for each 1 ≤ i ≤ d.
Claim 3.4. For some 1 ≤ i ≤ d, we have k|Vi,0| ≥ (δ −m)1≤j≤k−1 j|Vi,j|.
Proof. Suppose that k|Vi,0| ≤ (δ −m)1≤j≤k−1 j|Vi,j| − 1 for every 1 ≤ i ≤ d. Then, for every 1 ≤ i ≤ d,
(δ −m+ k)

1≤j≤k−1
j|Vi,j| = (δ −m)

1≤j≤k−1
j|Vi,j| + k

1≤j≤k−1
j|Vi,j|
> k|Vi,0| + k

1≤j≤k−1
|Vi,j|
= kn
and hence

1≤j≤k−1 j|Vi,j| > kn/(δ −m+ k). It follows that
1≤i≤d
w(fi) =

1≤i≤d

1≤j≤k−1
j|Vi,j|
>

1≤i≤d
kn/(δ −m+ k)
= d · kn/(δ −m+ k)
= (δ + k−m) · kn/(δ −m+ k)
= kn,
which contradicts inequality (3.1). 
Case 1: k = 3.
Claim 3.5. (i) For some 1 ≤ i ≤ d, we have 3|Vi,0| ≥ (∆− 1)(|Vi,1| + 2|Vi,2|).
(ii) If Claim 3.2(i) holds, then 3|Vi,0| = ∆(|Vi,1| + 2|Vi,2|) for every 1 ≤ i ≤ d.
Proof of the Claim. (i) By Claim 3.1, δ − m ≥ δ − (3− (∆− δ)− 2) = ∆− 1. This together with Claim 3.4 leads to the
desired result.
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(ii) First, we prove that
3|Vi,0| ≤ ∆(|Vi,1| + 2|Vi,2|) (3.2)
for every 1 ≤ i ≤ d. For 1 ≤ i ≤ d, let E0 = E(Vi,0, Vi,1 ∪ Vi,2). Sinceu∈Vi,0 uv∈E0 |fi(v)| ≥u∈Vi,0 3 = 3|Vi,0| and
u∈Vi,0

uv∈E0
|fi(v)| =

v∈V (G)−Vi,0

uv∈E0
|fi(v)|
=

v∈Vi,1

uv∈E0
|fi(v)| +

v∈Vi,2

uv∈E0
|fi(v)|
=

v∈Vi,1

uv∈E0
1+

v∈Vi,2

uv∈E0
2
≤

v∈Vi,1
∆+

v∈Vi,2
2∆
= ∆(|Vi,1| + 2|Vi,2|),
we have inequality (3.2).
By inequality (3.2), for every 1 ≤ i ≤ d,
(∆+ 3)(|Vi,1| + 2|Vi,2|) = ∆(|Vi,1| + 2|Vi,2|)+ 3(|Vi,1| + 2|Vi,2|)
≥ 3|Vi,0| + 3(|Vi,1| + |Vi,2|)
= 3n,
and hence |Vi,1| + 2|Vi,2| ≥ 3n/(∆ + 3). Suppose that 3|Vi0,0| < ∆(|Vi0,1| + 2|Vi0,2|) for some 1 ≤ i0 ≤ d. Then|Vi0,1| + 2|Vi0,2| > 3n/(∆+ 3). It follows that
1≤i≤d
w(fi) =

1≤i≤d
(|Vi,1| + 2|Vi,2|)
>

1≤i≤d
3n/(∆+ 3)
= d · 3n/(∆+ 3)
≥ (∆+ 3) · 3n/(∆+ 3)
= 3n,
which contradicts inequality (3.1). 
By Claim 3.5(i), we may assume that 3|V1,0| ≥ (∆− 1)(|V1,1| + 2|V1,2|). Since V1,0 ≠ ∅ and n ≥ 4, |V1,1| + 2|V1,2| ≥ 3.
By Lemma 2.6, |V1,1| + 2|V1,2| ≥ 4.
Subcase 1.1: |V1,1| + 2|V1,2| ≥ 6.
Note that |V1,1| + |V1,2| ≥ 3. Since 3|V1,0| ≥ (∆− 1)(|V1,1| + 2|V1,2|) ≥ 6(∆− 1), |V1,0| ≥ 2∆− 2. Then
n = |V1,0| + |V1,1| + |V1,2| ≥ (2∆− 2)+ 3 ≥ 2 · (n− 1)/2+ 1 = n.
This forces 3|V1,0| = (∆− 1)(|V1,1| + 2|V1,2|) and∆ = (n− 1)/2. Recall that if∆ = ∆′, then d ≥ d′. Since∆ = (n− 1)/2,
we have ∆ − δ = 0 and ∆ = ∆′. Since 3|V1,0| = (∆ − 1)(|V1,1| + 2|V1,2|), Claim 3.2(ii) holds by Claim 3.5(ii) and hence
d′ = ∆′ + 3, which contradicts d ≥ d′.
Subcase 1.2: 4 ≤ |V1,1| + 2|V1,2| ≤ 5.
Let U (l) = {v ∈ V (G) | l ∈ f1(v)} for each 1 ≤ l ≤ 3. Since |V1,1| + 2|V1,2| < 2 · 3, |U (l)| = 1 for some 1 ≤ l ≤ 3. We
may assume that |U (1)| = 1 and write U (1) = {x}. Since each vertex of V1,0 is adjacent to x, we deduce that |V1,0| ≤ ∆. If
Claim 3.2(i) holds, then 3|V1,0| ≤ 3∆ < ∆(|V1,1|+2|V1,2|), which contradicts Claim 3.5(ii). Hence, Claim 3.2(ii) or (iii) holds
and so d = ∆ + 2. Since (∆ − 1)(|V1,1| + 2|V1,2|) ≤ 3|V1,0| ≤ 3∆, we get ∆ ≤ (|V1,1| + 2|V1,2|)/(|V1,1| + 2|V1,2| − 3).
Since n ≥ 8, ∆ ≥ 4 and this forces |V1,1| + 2|V1,2| = 4 and ∆ = 4. Since n ≥ 8 and |V1,0| ≤ ∆ = 4, |V1,0| = |V1,1| = 4
and |V1,2| = 0. We may assume that |U (2)| = 1 and write U (2) = {y} and U (3) = {w1, w2}. By Theorem 1.1, γr3(G) · d′ ≤ 24.
Since d = ∆+ 2 = 6 and d+ d′ ≥ 8+ 4 = 12, we have γr3(G) ≤ 4. Let EG(V1,0, V1,1) be the set of edges which join a vertex
in V1,0 to a vertex in V1,1.
Claim 3.6. |EG(V1,0, V1,1)| ≥ 14.
Proof of the Claim. Suppose that |EG(V1,0, V1,1)| ≤ 13. Recall that every vertex of V1,0 is adjacent to both x and y in G. Since
|V1,0| = 4, then |EG(V1,0, {w1, w2})| ≤ 5. We may assume that |EG(V1,0, w1)| ≤ 2. Since ∆ = 4, we have ∆ − δ = 1,
dG(w1) = δ = 3 andw1w2 ∈ E(G). Furthermore, f1(w1) ≠ ∅ and f1(w2) ≠ ∅, which contradicts Lemma 2.7. 
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By Claim 3.6, |EG(V1,0, V1,1)| ≤ 2. Let u1, u2 ∈ V1,0 be two distinct vertices such that NG(u1) ⊆ V1,0 and NG(u2) ⊆ V1,0.
Let u3, u4 ∈ V1,1 be two distinct vertices such that NG(u3) ⊆ V1,1 and NG(u4) ⊆ V1,1. Let f be a γr3(G)-function. Note that
u∈V (G) |f (u)| = γr3(G) ≤ 4. If f (ui) ≠ ∅ for every 1 ≤ i ≤ 4, then |f (ui)| = 1 for every 1 ≤ i ≤ 4 and hence there exists
a vertex v ∈ V (G) − {u1, u2, u3, u4} such that f (v) = ∅ and |u∈NG[v] f (u)| ≤ 2, which contradicts the definition of the
3-rainbow dominating function. Hence, f (ui) = ∅ for some 1 ≤ i ≤ 4. Suppose that f (u1) = ∅. Thenu∈V1,0 |f (u)| ≥ 3, and
hence f (ui) = ∅ andu∈NG[ui] |f (u)| ≤ 1 for some i = 3, 4, which contradicts the definition of the 3-rainbow dominating
function. We can similarly get a contradiction for other choices of i in f (ui) = ∅.
Case 2: k ≥ 4.
Claim 3.7. For some 1 ≤ i ≤ d, we have k|Vi,0| ≥ (δ −m)1≤j≤k−1 j|Vi,j| and1≤j≤k−1 j|Vi,j| < 2k.
Proof of the Claim. Let I1 = {1 ≤ i ≤ d | k|Vi,0| ≥ (δ−m)1≤j≤k−1 j|Vi,j|} and I2 = {1 ≤ i ≤ d |1≤j≤k−1 j|Vi,j| < 2k}. It
suffices to show that I1 ∩ I2 ≠ ∅.
First, we show that I2 ≠ ∅. Suppose that I2 = ∅. Then by Claim 3.1,
1≤i≤d
w(fi) =

1≤i≤d

1≤j≤k−1
j|Vi,j|
≥ d · 2k
= 2(δ + k−m)k
≥ 2k(n− (∆− δ)− 1)/2+ 2k2 − 2k(k− (∆− δ)− 2)
= kn+ k(∆− δ)+ 3k
> kn,
which contradicts inequality (3.1). Hence, I2 ≠ ∅.
By Claim 3.4, I1 ≠ ∅. Next, suppose that I1 ∩ I2 = ∅. Let i1 ∈ I1 and i2 ∈ I2. Note that i1 ∉ I2 and i2 ∉ I1.
If Vi2,0 = ∅, then

1≤j≤k−1 j|Vi2,j| ≥ n. By the definition of i2, this implies that n ≤ 2k, which contradicts n ≥ k2. Hence,
we may assume that Vi2,0 ≠ ∅. Let U (l) = {v ∈ V (G) | l ∈ fi2(v)} for each 1 ≤ l ≤ k. Because of

1≤j≤k−1 j|Vi2,j| < 2k, we
know that |U (l)| = 1 for some 1 ≤ l ≤ k. We may assume that |U (1)| = 1 and write U (1) = {w}. Since each vertex of Vi2,0 is
adjacent tow, we deduce that |Vi2,0| ≤ ∆. Since

1≤j≤k−1 |Vi2,j| ≤ 2k− 1, we have
n = |Vi2,0| +

1≤j≤k−1
|Vi2,j| ≤ ∆+ 2k− 1. (3.3)
Since

1≤j≤k−1 j|Vi1,j| ≥ 2k and Vi1,k = ∅,

1≤j≤k−1 |Vi1,j| ≥ 3. Suppose that |Vi1,0| ≤ ∆ + 2k − 4. By Claim 3.1,
2k(∆ − k + 2) ≤ (∆ − k + 2)1≤j≤k−1 j|Vi1,j| ≤ (δ − m)1≤j≤k−1 j|Vi1,j| ≤ k|Vi1,0| ≤ k(∆ + 2k − 4). Hence, we have
∆ ≤ 4k− 8. By inequality (3.3), this implies that n ≤ 6k− 9, which is a contradiction. Therefore, |Vi1,0| ≥ ∆+ 2k− 3 and
hence n = |Vi1,0| +

1≤j≤d |Vi1,j| ≥ ∆+ 2k, which contradicts inequality (3.3). 
Let Q =1≤j≤k−1 j|V1,j|. By Claim 3.7, we may assume k|V1,0| ≥ (δ−m)Q and Q ≤ 2k− 1. By Lemma 2.6, we also have
Q ≥ γrk(G) ≥ k+ 1.
Let U (l) = {v ∈ V (G) | l ∈ f1(v)} for each 1 ≤ l ≤ k. Because Q < 2k, we have |U (l)| = 1 for some 1 ≤ l ≤ k. We
may assume that |U (1)| = 1 and write U (1) = {w}. Since each vertex of V1,0 is adjacent tow, we deduce that |V1,0| ≤ ∆. By
Claim 3.1, (∆− k+ 2)Q ≤ (δ −m)Q ≤ k|V1,0| ≤ k∆. Hence,
∆ ≤ (k− 2)Q
Q − k . (3.4)
Since |V1,0| ≤ ∆, we can easily see that n ≤ ∆+Q . Let g(Q ) = (k−2)Q/(Q−k)+Q . By inequality (3.4), we have n ≤ g(Q ).
The maximum value of g(Q ), over k+ 1 ≤ Q ≤ 2k− 1, is k2 − 1 (when Q = k+ 1), a contradiction.
This completes the proof of Theorem 1.3. 
4. Bipartite
Let us recall the statement of our result on complete bipartite graphs.
Theorem 1.4. Let k, a and b be three positive integers such that a+ b ≥ k and a ≤ b. Then
drk(Ka,b) =
a+min{b, k} (a ≤ k)
max

a+

1− a
b

k

, 2k

(a > k).
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Proof. Let G be a graph isomorphic to Ka,b with bipartition {A, B} where |A| = a and |B| = b. Let A = {v1, . . . , va} and
B = {u1, . . . , ub}. Let d = drk(G).
If b > k, we define a function g∗ : V (G)→ 2[k] as
g∗(x) =
∅ (x ∈ A)
{j} (x = uj with 1 ≤ j ≤ k)
{k} (x = uj with j > k).
We see that g∗ is a k-rainbow dominating function of G. Let Gl be a set of l functions which are copies of g∗.
Case 1: a ≤ k.
For each 1 ≤ s ≤ a, we define a function fs : V (G)→ 2[k] as
fs(x) =
{i} (x = vi with i ≠ s)
{s} ∪ {a+ 1, a+ 2, . . . , k} (x = vs)
∅ (x ∈ B).
We see that fs is a k-rainbow dominating function of G.
Suppose that b ≤ k. For each 1 ≤ t ≤ b, we define a function gt : V (G)→ 2[k] as
gt(x) =
∅ (x ∈ A).
{j} (x = uj with j ≠ t)
{t} ∪ {b+ 1, b+ 2, . . . , k} (x = ut).
We see that gt is a k-rainbow dominating function of G.
Claim 4.1. {f1, . . . , fa, g1, . . . , gb} is a k-rainbow dominating family of G.
Proof of the Claim. It suffices to show that
1≤s≤a
|fs(x)| +

1≤t≤b
|gt(x)| ≤ k (4.1)
for every x ∈ V (G). Suppose that x ∈ A, and write x = vi. Note that1≤t≤b |gt(vi)| = 0. Also1≤s≤a |fs(vi)| = s≠i
|fs(vi)| + |fi(vi)| = (a− 1)+ (1+ k− a) = k. Thus, if x ∈ A, then inequality (4.1) holds. We can similarly show that if x ∈ B,
then inequality (4.1) again holds. 
Hence, d ≥ a+ b. Since |V (G)| = a+ b ≥ k, by Fact 2.1, d ≤ a+ b and so d = a+ b, as desired. Thus, we may assume
that b > k.
Claim 4.2. {f1, . . . , fa} ∪ Gk is a k-rainbow dominating family of G.
Proof of the Claim. It suffices to show that
1≤s≤a
|fs(x)| +

g∗∈Gk
|g∗(x)| ≤ k (4.2)
for every x ∈ V (G). For x ∈ A,g∗∈Gk |g∗(x)| = 0. Hence, if x ∈ A, then we see that inequality (4.2) holds by the same
argument of the proof of Claim 4.2. Thus, we may assume that x ∈ B. Write x = uj. Note that1≤s≤a |fs(uj)| = 0. Also
g∗∈Gk |g∗(uj)| =

g∗∈Gk 1 = k. Thus, if x ∈ B, then inequality (4.2) holds. 
Hence, d ≥ a+ k. This together with Theorem 2.1 implies d = a+ k, as desired.
Case 2: a > k.
Let A1, . . . , Aa be k-subsets of A so that every element of A appears exactly k times. Let B1, . . . , Ba be k-subsets of B so
that every element of B appears at most ⌈ akb ⌉ times. For each 1 ≤ s ≤ a, write As = {vs,1, . . . , vs,k} and Bs = {us,1, . . . , us,k}.
For each 1 ≤ s ≤ a, we define a function hs : V (G)→ 2[k] as
hs(x) =
{i} (x ∈ {vs,i, us,i}with 1 ≤ i ≤ k)
∅ (otherwise).
We see that hs is a k-rainbow dominating function of G.
Claim 4.3. {h1, . . . , ha} ∪ Gk−⌈ akb ⌉ is a k-rainbow dominating family of G.
S. Fujita et al. / Discrete Applied Mathematics 160 (2012) 1104–1113 1111
Proof of the Claim. It suffices to show that
1≤s≤a
|hs(x)| +

g∗∈G
k−

ak
b
 |g
∗(x)| ≤ k (4.3)
for every x ∈ V (G). Suppose that x ∈ A. We may assume that x ∈ As for every 1 ≤ s ≤ k. Note thatg∗∈G
k−⌈ akb ⌉
|g∗(x)| = 0.
Also

1≤s≤a |hs(x)| =

1≤s≤k |hs(x)|+

k+1≤s≤a |hs(x)| = k+ 0. Hence, if x ∈ A, then inequality (4.3) holds. Thus, wemay
assume that x ∈ B. We may assume that x ∉ Bs for every ⌈ akb ⌉ + 1 ≤ s ≤ a. Note that

g∗∈G
k−⌈ akb ⌉
|g∗(x)| = k− ⌈ akb ⌉. Also
1≤s≤a |hs(x)| =

1≤s≤⌈ akb ⌉ |hs(x)| +

⌈ akb ⌉+1≤s≤a |hs(x)| ≤ ⌈
ak
b ⌉ + 0. Hence, if x ∈ B, then inequality (4.3) holds. 
We define a function f ∗ : V (G)→ 2[k] as
f ∗(x) =
{i} (x = vi with 1 ≤ i ≤ k)
{k} (x = vi with i > k)
∅ (x ∈ B).
We see that f ∗ is a k-rainbow dominating function of G. Let F ∗ be a set of k functions which are copies of f ∗.
Claim 4.4. F ∗ ∪ Gk is a k-rainbow dominating family of G.
Proof of the Claim. It suffices to show that
f ∗∈F ∗
|f ∗(x)| +

g∗∈Gk
|g∗(x)| ≤ k (4.4)
for every x ∈ V (G). Suppose that x ∈ A. Note thatg∗∈Gk |g∗(x)| = 0. Alsof ∗∈F ∗ |f ∗(x)| =f ∗∈F ∗ 1 = k. Thus, if x ∈ A,
then inequality (4.1) holds. We can similarly show that if x ∈ B, then inequality (4.1) again holds. 
Since k− ⌈ akb ⌉ = ⌊

1− ab

k⌋, we have d ≥ max{a+ 1− ab  k , 2k} by Claims 4.3 and 4.4.
Let F be a k-rainbow dominating family with cardinality d of G. Let F1 = {h ∈ F | h(vj) ≠ ∅ for every 1 ≤ j ≤ a},
F2 = {h ∈ F | h(uj) ≠ ∅ for every 1 ≤ j ≤ b} and F3 = F − (F1 ∪ F2).
Claim 4.5. F1 ∩ F2 = ∅.
Proof of the Claim. Suppose thatF1∩F2 ≠ ∅ and let h ∈ F1∩F2. Sincew(f ∗)+w(g∗) = a+b ≤ w(h), (F −{h})∪{f ∗, g∗}
is a k-rainbow dominating family with cardinality d+ 1 of G, which is a contradiction. 
Claim 4.6. 0 ≤ |F3| ≤ a.
Proof of the Claim. For every h ∈ F3, since there exists u ∈ B with h(u) = ∅, we know1≤j≤a h(vj) = v∈N(u) h(v) =
{1, . . . , k} and hence1≤j≤a |h(vj)| ≥ k. Since k|F3| ≤ h∈F3 1≤j≤a |h(vj)| ≤ h∈F 1≤j≤a |h(vj)| ≤ ak, we have|F3| ≤ a. 
Claim 4.7. |F1| ≤

ak−|F3|k
a

and |F2| ≤

bk−|F3|k
b

.
Proof of the Claim. Note that

1≤j≤a |h(vj)| ≥ a for every h ∈ F1 and

1≤j≤a |h(vj)| ≥ k for every h ∈ F3. Hence
h∈F

1≤j≤a
|h(vj)| ≥

h∈F1

1≤j≤a
|h(vj)| +

h∈F3

1≤j≤a
|h(vj)| ≥ a|F1| + k|F3|.
On the other hand,

h∈F

1≤j≤a |h(vj)| ≤ ak. Thus, we have |F1| ≤

ak−|F3|k
a

. We can similarly show that |F2| ≤
bk−|F3|k
b

. Therefore, the claim holds. 
Since 0 ≤ |F3| ≤ a,
d ≤ |F3| +

ak− |F3|k
a

+

bk− |F3|k
b

≤ max

a+

1− a
b

k

, 2k

.
This completes the proof of Theorem 1.4. 
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5. Path and cycle
First, we consider the relationship between the k-rainbow domatic number and minimum degree.
Proposition 5.1. Let k be a positive integer. Let G be a graph having no isolated vertex and x be a vertex such that dG(x) = δ(G).
If drk(G) = δ(G)+ k holds, then dG(y) ≥ k for every y ∈ NG(x).
Proof. Let d = drk(G)(= δ(G) + k) and let y ∈ N(x). Let F be a k-rainbow dominating family of G with cardinality d. Let
F1 = {f ∈ F | f (x) ≠ ∅} and F2 = {f ∈ F | f (y) ≠ ∅}. By the definition of k-rainbow dominating family, |F1| ≤ k.
By Lemma 2.7, F1 ∩ F2 = ∅ and hence |F2| ≤ d − |F1| = δ(G) + k − |F1|. For every f ∈ F − F1, since f (x) = ∅,
u∈NG(x) f (u) = {1, . . . , k}. Hence
k · δ(G) ≥

f∈F−F1

u∈NG(x)
|f (u)| ≥

f∈F−F1
k = (δ(G)+ k− |F1|)k.
This forces that |F1| ≥ k. Therefore, |F1| = k and |F2| ≤ δ(G) + k − |F1| = δ(G). For every f ∈ F − F2, since f (y) = ∅,
u∈NG(y) f (u) = {1, . . . , k}. Hence
k · dG(y) ≥

f∈F−F2

u∈NG(y)
|f (u)| ≥

f∈F−F2
k = (δ(G)+ k− |F2|)k.
Therefore, dG(y) ≥ δ(G)+ k− |F2| ≥ k+ δ(G)− δ(G) = k. 
Next, we find the k-rainbow domatic number of paths and cycles. It is easy to see that the following propositions hold.
Proposition 5.2.
dr1(Pn) =

1 (n = 1)
2 (n ≥ 2).
Proposition 5.3. For n ≥ 3,
dr1(Cn) =

3 (n ≡ 0 (mod 3))
2 (otherwise).
Sheikholeslami and Volkmann gave the following propositions.
Proposition 5.4 (Sheikholeslami and Volkmann [9]).
dr2(Pn) =

2 (n = 1, 2, 4)
3 (otherwise).
Proposition 5.5 (Sheikholeslami and Volkmann [9]). For n ≥ 3,
dr2(Cn) =

4 (n ≡ 0 (mod 4))
3 (otherwise).
We consider drk(Pn) and drk(Cn) for k ≥ 3.
Recall that drk(G) ≥ k for every graph G. Fact 2.1 and Proposition 5.1 lead to the following results.
Corollary 5.6. Let k ≥ 3 and n ≥ 1 be two integers. Then drk(Pn) = k.
Theorem 5.7. Let k ≥ 3 and n ≥ 3 be two integers. Then
drk(Cn) =

k+ 1 (k = 3 and n ≡ 0 (mod 4))
k (otherwise).
Proof. Let C = u1u2 · · · unu1 be an n-cycle. Throughout this proof, the indices are calculated modulo n. By Fact 2.1,
drk(C) ≥ k. By Theorem2.1 and Proposition 5.1, drk(C) ≤ k+1.We assume that drk(C) = k+1, and show that n ≡ 0 (mod 4).
Let {f1, . . . , fk+1} be a k-rainbow dominating family of C .
For each 1 ≤ j ≤ n, let I∗j = {i | 1 ≤ i ≤ k + 1, fi(uj) = ∅}. For every 1 ≤ j ≤ n, since

1≤i≤k+1 |fi(uj)| ≤ k, we have|I∗j | ≥ 1.
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Claim 5.1. For some 1 ≤ j ≤ n, |I∗j | ≥ 2.
Proof of the Claim. Suppose to the contrary that, for each 1 ≤ j ≤ n, we have |I∗j | = 1. Without loss of generality, we
may assume that f1(u1) = ∅ and |f1(u2)| ≥ k/2. Then k ≥ 1≤i≤k+1 |fi(u2)| ≥ k/2 + (k − 1), and so k ≤ 2, which is a
contradiction. 
Claim 5.2. Let 1 ≤ j ≤ n be an integer with |I∗j | ≥ 2. Then k = 3, |I∗j | = 2, I∗j−1 = I∗j+1 = [k + 1] − I∗j and, for each i ∈ I∗j ,
fi(uj−1) and fi(uj+1) are two disjoint non-empty sets that partition [k].
Proof of the Claim. For i ∈ I∗j , fi(uj−1) ∪ fi(uj+1) = [k], and hence |fi(uj−1)| + |fi(uj+1)| ≥ k. Since

1≤i≤k(|fi(uj−1)| +|fi(uj+1)|) ≤ 2k, this forces |I∗j | = 2. Furthermore, |fi(uj−1)| + |fi(uj+1)| = k for i ∈ I∗j , and fi(uj−1) = fi(uj+1) = ∅ for
i ∈ [k+ 1] − I∗j . In particular, [k+ 1] − I∗j ⊆ I∗j−1 and [k+ 1] − I∗j ⊆ I∗j+1. Since k+ 1 ≥ 4, |I∗j−1| ≥ 2 and |I∗j+1| ≥ 2. By the
same arguments, we have |I∗j−1| = |I∗j+1| = 2, and so k = 3. This leads to [k + 1] − I∗j = I∗j−1 = I∗j+1. Hence, for i ∈ I∗j , both
fi(uj−1) and fi(uj+1) are non-empty. Then, for i ∈ I∗j , fi(uj−1)∪ fi(uj+1) = [k] and |fi(uj−1)| + |fi(uj+1)| = k imply that fi(uj−1)
and fi(uj+1) are two disjoint non-empty sets that partition [k]. 
By Claim 5.2, k = 3. Without loss of generality, we may assume that I∗1 = {1, 2}. Again, by Claim 5.2, I∗n = I∗2 = {3, 4},
and so I∗3 = {1, 2}. In particular, n ≠ 3. If n = 4, then we have a desired result. Thus, we may assume that n ≥ 5. Also
f1(u2) = [k] − f1(un). By the same arguments, we have f1(u4) = [k] − f1(u2) = f1(un). Therefore, for 1 ≤ j ≤ 4,
f1(uj) = f1(un) if and only if i ≡ 0 (mod 4). (5.1)
We can check that (5.1) is true for every 1 ≤ j ≤ n inductively. In particular, n ≡ 0 (mod 4).
Conversely, we show that if n ≡ 0 (mod 4), then drk(C) ≥ k + 1. We define a function fi : V (C) → 2[3] as follows: for
j ≥ 1, if j ≡ 1 (mod 4), let f1(uj) = f2(uj) = ∅, f3(uj) = {1, 2} and f4(uj) = {3}; if j ≡ 2 (mod 4), then f3(uj) = f4(uj) = ∅,
f1(uj) = {1, 2} and f2(uj) = {3}; if j ≡ 3 (mod 4), then f1(uj) = f2(uj) = ∅, f4(uj) = {1, 2} and f3(uj) = {3}; if j ≡ 0 (mod 4),
then f3(uj) = f4(uj) = ∅, f2(uj) = {1, 2} and f1(uj) = {3}. Then fi is a 3-rainbow dominating function for every 1 ≤ i ≤ 4
and

1≤i≤4 |fi(u)| ≤ 3 holds for every u ∈ V (C). Hence, {f1, . . . , f4} is a 3-rainbow dominating family. This completes the
proof of Theorem 5.7. 
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